THE INITIAL-BOUNDARY VALUE PROBLEM FOR THE 
KORTEWEG-DE VRIES EQUATION 
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JUSTIN HOLMER 



Abstract. We prove local well-posedness of the initial-boundary value problem for 
the Korteweg-de Vries equation on right half-line, left half-line, and line segment, in 
the low regularity setting. This is accomplished by introducing an analytic family 
of boundary forcing operators. 
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1. Introduction 

We shall study the following formulations of the initial-boundary value problem 
for the Korteweg-de Vries (KdV) equation. On the right half-line M + = (0, +oo), we 
consider 

{d t u + d 3 x u + ud x u = for (x, t) G (0, +oo) x (0, T) 
u(0,t) = f(t) forte(0,r) 
u(x, 0) = 4>{x) for x G (0, +oo) 

On the left half-line Mr = (— oo, 0), we consider 

' d t u + d^u + ud x u = for (x, t) G (-oo, 0) x (0, T) 

u{0,t)=g 1 (t) forte(0,T) 

d x u(0, t) =g 2 (t) for*e(0,T) 

u(x, 0) = (j){x) for x G (— oo, 0) 



;i-2) 



The presence of one boundary condition in the right half-line problem (jl.lj) versus two 
boundary conditions in the left half-line problem (jl.2|) can be motivated by uniqueness 
calculations for smooth decaying solutions to the linear equation d t u + d^u = 0. 
Indeed, for such u and T > 0, we have 



+oo r+oo 

2j„_ / n\2 



1.3) / u(x,T) dx = / u(x, 0) 



T 

,2„ 



2/ (w(0,t)9>(0,t) -a x w(0,t) 2 )rft 
it=o 



and 



1.4) / u(x,T) 2 dx= / w(x,0) 2 rfa; 

J x=— oo J x=— oo 

-2 / (u(0,t)9 2 w(0,t) +a r u(0,t) 2 )dt. 



i=0 



Assuming m(x, 0) = for x > and w(0, t) = for < t < T, we can conclude from 
(jl.3j) that u(x,T) = for a; > 0. However, the existence of u(x,t) ^ for x < 
such that m(x, 0) = for x < and u(0, t) = for < t < T is not precluded by 
(J1.4J) . In fact, such nonzero solutions do exist (see ^2.1|) . On the other hand, (jl.4|) 
does show that assuming u(x, 0) = for x < 0, w(0,t) = for < t < T, and 
c^t^O, t) = for < t < T forces u(x, t) = for x < 0, < t < T. These uniqueness 
considerations carry over to the nonlinear equation d t u + d^u + ud x u = 0, at least in 
the high regularity setting. 
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Given the formulations (jl.lj) and (jl.2J) . it is natural to consider the following con- 
figuration for the line segment < x < L problem: 

' d t u + d 3 x u + ud x u = for (x, t) G (0, L) x (0, T) 

u(0,t)=/(t) forte(0,T) 

u(L,t)=gx(t) forte(0,T) 

d x u{L,t) = g 2 (t) forte(0,T) 

w(a;, 0) = 0(x) for x G (0, L) 

Now we discuss appropriate spaces for the initial and boundary data, again ex- 
amining the behavior of solutions to the linear problem on R for motivation. On 
R, we define the L 2 -based inhomogeneous Sobolev spaces H s = H S (M.) by the norm 
IMU S — ll(6)V(£)IL 2 ; where (£) = (1 + l^l 2 ) 1 / 2 . Let e~ td * denote the linear homoge- 
neous solution group on R, defined by 

(1.6) e- td *<P{x) = l jd^md^ 

so that (d t + dl)e~ td x<f)(x) = and e~ td *<j)(x) | = 0(x). The /oca/ smoothing inequal- 
ities of |KPV91j for the operator are 



\\e(t)e- ta ^\\ ^<c 

mfae-^W^t < c\ mH s 

which can be deduced directly from the definition (J1.6)) by a change of variable. These 
are sharp in the sense that the Sobolev exponents and | cannot be replaced by 
higher numbers. In £01 we shall define analogues of the inhomogeneous Sobolev 
spaces on the half-line, H S (R + ), H S (R~), and on the line segment, H s (0,L). We are 

s + 1 

thus motivated to consider initial-boundary data pairs ((f), f) G H S (M, + ) x H~(W + ) 
for (HU, (0,<?i,<7 2 ) e H B (R~) x H^(R+) x F§(R+) for (O, and (</>, f,gi,g 2 ) e 
H s (0,L) x J ff 1 T i (M+) x F 1 T i (M+) x #i(R+) for (fOjl . From these motivations, we 
are inclined to consider this configuration optimal in the scale of L 2 -based Sobolev 
spaces. 

Local well-posedness (LWP), i.e. existence, uniqueness, and uniform continuity of 
the data-to-solution map, of the initial-value problem (IVP) 

d t u + d\u + ud x u = for (x, t) G R X R 
u(x, 0) = (f)(x) for (x, t) G R 

has been studied by a number of authors over the past three decades. For s > §, an a 
priori bound can be obtained by the energy method and a solution can be constructed 
via the artificial viscosity method. To progress to rougher spaces, it is necessary to 
invoke techniques of harmonic analysis to quantitatively capture the dispersion of 
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higher frequency waves. For s > |, [KPV91 j proved LWP of ()1.7|) by the contraction 
method in a space built out of various space-time norms, using oscillatory integral 
and local smoothing estimates. For s > — |, |Bou93j |KPV93j |KPV96j proved LWP 



of (|1-7|) via the contraction method in Bourgain spaces (denoted in the literature as 
X St b), which are constructed to delicately analyze the interaction of waves in different 
frequency zones. LWP for s = — | is proved in |CCT03j by using the Miura transform 
to convert KdV to mKdV (nonlinearity u 2 d x u) where the corresponding endpoint 
result is known. These authors also prove local ill-posedness of (II. 7|) for s < — | 
in the sense that the data-to-solution map fails to be uniformly continuous. If one 
only requires that the data-to-solution map be continuous (C° well-posedness), and 
not uniformly continuous, then the regularity requirements can possibly be relaxed 
further. Although this has not yet been shown for the KdV equation on the line, 
|KT03j have proved, for the KdV equation on the circle T, C° local well-posedness in 
iy _1 (T), whereas it has been shown by jCCT03| that the data-to-solution map cannot 
be uniformly continuous in H S (T) for s < — ~. 

Our goal in studying is to obtain low regularity results. It therefore seems 
reasonable to restrict to — | < s < |. We shall omit s = | due to difficulties in 
formulating the compatibility condition (see below). A Dini integral type compati- 
bility condition would probably suffice at this point, although we have decided not 
to explore it. We have also decided not to explore the case s = — § or the likely 



ill-posedness result for and ()1.2|) when s < — |. 

Note that the trace map — > 0(0) is well-defined on H S (R + ) when s > ~. If s > |, 
then > ^, and both 0(0) and /(0) are well-defined quantities. Since 0(0) and 
/(0) are both meant to represent w(0,0), they must agree. On the other hand, if 
s < |, then s — 1 < | and | < |, so in (J1.2j) . neither d x u G fP -1 nor g 2 G have a 
well-defined trace at 0. 

Therefore, we consider (jl.ljl for — | < s < |, s ^ | in the setting 

(1.8) G H S (R + ), f G H^(R + ), and if \ < s < §, 0(0) = /(0). 

We consider (1 1.2 J) for — | < s < |, s | in the setting 

G H S (R-), 9l G ^(M + ), £ 2 G #§(M + ) 

(1.9) 

and if \ < s < §, 0(0) = #i(0) 
We consider ()1.5|) for — | < s < |, s 7^ | in the setting 

4>eH s (o,L), feH^(R + ), 9l eH^(R + ), 32 6fff(i + ) 

and if |<s<|, 0(O) = /(O),0(L) = ( 7l (O) 
The solutions we construct shall have the following characteristics. 
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Definition 1.1. u(x,t) will be called a distributional solution of 1)1.1)1 . p. 8)1 [resp. 
(H2J), (Ql on [0,T\ if 

(a) Well-defined nonlinearity: u belongs to some space X with the property that 
iiGl => d x u 2 is a well-defined distribution. 

(b) u(x,t) satisfies the equation (jl.ljl [resp. p. 2)1 / m i/ie sense of distributions on 
the set (x,t) G (0, +oo) x (0,T) /resp. (x,t) G (-oo,0) x (0,T)/ 

(c) Space traces: w G C([0, T]; iJ*) and in i/ws sense u(-,0) — <p in H S (R + ) [resp. 
n(-,0) = in H S (R-)]. 

(d) Time traces: u G C(R X ; -ff^s - (0, T)) and in this sense n(0, ■) = f in H"* (0, T) 
/resp. n(0, •) = g\ in H~ (0, T)/. 

(e) Derivative time traces: c^n G (7(lELe; H~s(0, T)) and only for p.2jU)1.9jl we 
require that in this sense, n(0, •) = gi in ifi(0, T). 

In our case, X shall be the modified Bourgain space X s b n -D a with 6 < | and 
a > |, where 



v s,6 

1.11) 



"iiv..,, = ( // (e) 2s (r-e 3 ) 26 i«(e,r)rde^ ' " 

1/2 



|M " Dq= (//<l (r)2a| ^' T)|2 ^ rfr ) 



The space X S)6 , with 6 > |, is typically employed in the study of the IVP p. 7)1 . For 6 > 
|, the bilinear estimate ( Lemma 15.10)1 holds without the low frequency modification 
D a , and thus D a is not necessary in the study of the IVP. The introduction of the 
Duhamel boundary forcing operator in our study of the IBVP, however, forces us to 
take b < |, and then D a must be added in order for Lemma 15.101 to hold. 

A definition for p. 5)1 . p. 10)1 can be given in the obvious manner. We shall next 
introduce the concept of mild solution used by [BSZ04 . 

Definition 1.2. u(x,t) is a mild solution of p. 1)1 [resp. (11.2)1 / on [0, T] if 3 a 

sequence {u n } in C([0,T]; H 3 (R+)) n ^([O,^; L 2 (R+)) such that 

t) solves jUJ) zn L 2 (M+) /resp. JE2} «n L 2 (R~)J for <t <T. 

( D ) n li I J 1 00 H Mn ~~ U Hc([0,T];i2" s (R + )) = A"eSp. ~~ M II C([0,T]; # s (KJ )) = 0/ 

(c) lim |K(0,-) - /|| 2±i = [resp. lim ||n n (0, •) - 5-i|Li+i = 0, 
^^119^(0,0-^11^(0^ = 0/ 

BSZ05] have recently introduced a method for proving uniqueness of mild solutions 
for (JEU), (HED- 

Our main result is the following existence statement. 

Theorem 1.3. Let — § < s < \, s ^ |. 
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(a) Given (<f), f) satisfying (jl.8|) . 3 T > depending only on the norms of <f), f 
in (jl.8)) and 3 u(x,t) that is both a mild and distributional solution to (jl.lj) . 
(Oil on [0,T). 

(b) Given ((f>,gi,g 2 ) satisfying (jl.9j) . 3 T > depending only on the norms of (j), 
gx, g2 in (I1.9J1 and 3 n(a;, t) i/jai is both a mild and distributional solution to 
JOJ), (USD on [0,T]. 

(c) Given (cp, f, gi, g 2 ) satisfying (11.10)1 . 3 T > depending only on the norms 
°f 0; /; #2 ()1.1U|) and 3 u(x,t) that is both a mild and distributional 
solution to (Ojl . (ITTUj) on [0,T]. 

In eac/i o/ £ne above cases, the data-to- solution map is analytic as a map from the 
spaces in (Jl.8)) . (11.9)1 . p. 10)1 to £ne spaces in Definition \l.l\ 

The proof of Theorem II .HI involves the introduction of an analytic family of bound- 
ary forcing operators extending the single operator introduced by [CK02J (further 
comments in £j2J). 

The main new feature of our work is the low regularity requirements for and /. 
Surveys of the literature are given in |BSZ02j [BSZ03] and |CK02j . Here, we briefly 
mention some of the more recent contributions. The problem (J1.5j)(J1.10)) for s > 
is treated in |BSZ03j and (jl.lj) (jl.8j) for s > | in [BSZ02 a by a Laplace transform 
technique. In a preprint appearing after this paper was submitted, BSZ06J have 
shown LWP of the problem (jl.lj) for s > — 1 with H S (R + ) in (jl.8j) replaced by the 
weighted space 

# s (r+) = { e H s (m + ) | e ux (j){x) e h s (r+) } 

for v > 0. They further show LWP of the problem (jl.5j) . (j!.10j) for s > — 1, thus 
improving Theorem ll.3ljcjl . In both of these results, the data-to-solution map is ana- 
lytic, in contrast to the results of jKT03j mentioned above. A global well-posedness 
result for the problem (jl.lj) (jl.8j) is obtained by |Fam04j for s > 0. Inverse scattering 
techniques have been applied to the problem (jl.2j) by [Fok02j and the linear analogue 
of the problem (jl.5j) in [FP01J for Schwartz class data. 

I have carried out similar results for the nonlinear Schrodinger equation [Hol05j. 
Acknowledgements. I would like to thank my Ph.D. advisor Carlos Kenig for 
invaluable guidance on this project. I would also like to thank the referee for a 
careful reading and helpful suggestions. 

2. Overview 

In this section, after giving some needed preliminaries, we introduce the Duhamel 
boundary forcing operator of jCK02j and first apply it and a related operator to solve 
linear versions of the problems (jl.lj) , (jl.2j) . Then we explain the need for considering a 
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2' 



more general class of operators to address the nonlinear versions in H s for — | < s < 

Since precise numerical coefficients become important, let us set down the conven- 
tion 



/(0 



-**f(x) dx. 



Also, define Cq°(K + ) as those smooth functions on R with support contained in 



[0, +00). Let C ^ C (M + ) = C co (M + )nC c oo (M). The tempered distribution ^ is defined 
clS db locally integrable function for Re a > 0, i.e. 



.a-l 



r a 



f 



rfa 



+00 



t^fi^dt. 



Integration by parts gives, for Re a > 0, that 



(2-1) 



t 



a-l 



T(a) 



t 



a+k-l 



T(a + k) 



for all k G N. This formula can be used to extend the definition (in the sense of 
t «-i 

distributions) of ^pr to all a G C. In particular, we obtain 



.a-l 



r («) a=0 

A change of contour calculation shows that 

.a-l 



S (t). 



(2.2) 



r a 



(r) = e -5'" Q (r - i0)- 



where (r — zO) a is the distributional limit. If / G C^°(1R + ), we define 

-a-l 



X a / 



r(a) 



Thus, when Re a > 0, 



rfa 



(t-s)^V(s) (is 



and Z / = /, T\f{t) = / * /(s) (is, and X_i/ = /'. Also X^X^ = X a+/3 , which follows 
from ()2.2|) . For further details on the distribution f^y, see |Fri98j . 

Lemma 2.1. /// G QT( M+ )> i/ien £ C^(R + ), for all a G C. 

Proof. By ()2.1|) and integration by parts, it suffices to consider the case Re a > 1. In 
this case, it is clear that supp I a f C [0, +00) and it remains only to show that I a f(t) 
is smooth. By a change of variable 



U(t) 



T(a) 



s a - 1 f(t-s)ds. 
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Smoothness of I a f(t) follows by the fundamental theorem of calculus, differentiation 
under the integral sign, and that <9f /(0) = for all k. □ 



A(x) = / e**e* 3 



The Airy function is 

A(x) = 

A(x) is a smooth function with the asymptotic properties 

A(x) ~ c lX - 1/4 e- C2x3/2 (1 + 0(x" 3/4 )) as x -> +00 

~ c 2 x~ 1/A cos(c 2 x 3/2 - f )(1 + 0(aT 3/4 )) as x -> +00 

for specific ci,C2 > (see, e.g. pS03j, p. 328). We shall below need the values of 
A(0), A'(0), and J + °° A(y) dy, and so we now compute them. 

A(Q) = — f e ^ di = — [ tT 273 ^ d V = = — 



2tt Jt 6vr J v ' 3tt 3r(f ) 

by a change of contour calculation, and in the final step, an application of the identity 
r(^)r(l — z) = tt/ sirncz. Similarly one finds 

1 /V {ea 1 



A f (0) = ±-J%e* 3 dZ 
Also, 

r+oo -r /■ /-+00 -1 /■ 

/ A(y) dy = — / / e<* dy e^ 3 ^ = — / # (-0e i?3 

where H(y) = for y < 0, .ff(y) = 1 for y > is the Heaviside function. Now (see 
|Fri98j . p. 101) H(£) = P- v -^ + tt^o(Oj which inserted above and combined with the 
identity (p.v.l/x)"(£) = — 27rsgn£ yields 

+00 ^ 
A(y) dy = -. 

2.1. Linear versions. We define the Airy group as 

(2.3) e -^ 0(x) l /V'V^oUh/C 

27r y £ 



so that 

1 ll.'/t( 

(2.4) 



(<9 t + d 6 x ) [e~ w *<j)} (x, t) = for (x, tjelx 
[e _ *^0](x,O) = <j)(x) for 1 G f 
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We now introduce the Duhamel boundary forcing operator of [CK02J. For / G 
C CO (M + ), let 

t 



(2.5) 

so that 
(2.6) 



£°/CM) = 3 / e-^* ( Jo(x)Z_ 2/a /(Od«' 



x \ X_ 2/3 /(f) 



(d t + d 3 x )C°f(x, t) = 3S (x)X. 2/3 f(t) for (a;, t) G 
£°/(a;,0) = for x G R 



We begin with the spatial continuity and decay properties of C°f, d x C°f, and d%C f, 
for / G C °°(M + ). 

Lemma 2.2. Lei / G C CO (M+). T/ien for fixed < t < 1, C°f{x,t) and d x C°f{x,t) 
are continuous in x for all x G M and satisfy the spatial decay bounds 

(2.7) |£70M)I + I^UVOM)! < c fe ||/||^ +1 (x)- fc Vfc > 0. 

For /tared < t < 1 ; d^C°f(x, t) is continuous in x for x ^ and has a step discon- 
tinuity of size 3X2/3/ (t) ai x = 0. Also, d^C f(x,t) satisfies the spatial decay bounds 



(2.8) \d 2 x C°f(x,t)\ <c k \\f\\ Hk+ .(x)- k \fk>0 

Proof. To establish (|2~7|l . it suffices to show that || (£)fl£ £°/(£> *) Hz 1 < c fc ||/||^, 
V k > 0. Let t) = J|J e i (^*')«/i(t / ) di' for some (yet to be prescribed) h G C °°(M + ). 
We have 

(2.9) <9f 0(£, t) = i k [ (t- t'fe^-^hit') dt'. 

Jo 

By integration by parts in t', 

(2.10) dl<f>(Z,t) = i( ~l£ lkl fe^d t ,h{t>) dt' + i t^h(t) 

s Jo s 

+ ! ^tr^ E c a ,,d?(t-t'Mh(t')dt' 

a<k-\ 

By (j2H), (12~TUJ) and the time localization, |<9f0(£,t)| < c fc ||/i||^ fc (0 _fc_1 - Since 
£Pf(£,t) = (f>(£ 3 ,t) with h = 3X_ 2 / 3 /, we have by Lemma O that |flf£°/(f,t)| < 
c fc||/ll/f' fc + 1 ('0~ fc ~ 3 > establishing ()2.7jl . By integration by parts in £' in (|2.5jh 

(2.11) %£°f(x,t) = 35 (x)X_ 2/3 /(t) - C°(d t f)(x,t). 
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This, together with the continuity properties of C°(d t f), shows that d%.C°f(x,t) is 
continuous in x for x 7^ and has a step discontinuity of size 31-2/3 f(t) at x = 0. To 
see that d%£°f(x,t) — » as x — > ±00, we first note that for a; < —1, d%.C°f(x,t) = 
d%C°f{-l,t) - J"" 1 d$C°f(y,t)dy. By (l2~TTJ) and P?7fl . we can send x -> -00 and 
obtain that d^C f(x,t) — > c, for some constant c, as x — > —00. Since d x £°f(0,t) = 
I°oo dx^filli we mus t have c = 0. We can similarly show that d%C f(x, t) — > 
as 1 -> +00. For x < 0, use d^£°f(x,t) = J^dyC f(y,t) dy, and for x > 0, 
use d*£°f(x, t) = - f x + °° d*£°f{y, t) dy, together with fl22J and (l2~TTl) to obtain the 
bound (jfsjl . □ 

By Lemma l2.2| if / G Co°(R + ), then £°f(x,t) is continuous in x on R. Since 
A(0) = (3r(|)) _1 , the second representation of C°f(x,t) in (|2.5|l gives 

(2.12) £°/(0,t) = /(t). 

It is thus clear that if we set 

u(M) = e"^0(x) +£° (/ - e- 9 m =0 ) (t) 
then u(x,t) solves the linear problem 

(d t + dl)u{x, t) = forx^O 
«(x, 0) = 0(x) for x G R 

u(0, *)=/(*) fortGR 

This would suffice, then, to solve the linear analogue of the right half-line problem 
(jl.lj) . which has only one boundary condition. 

Now we consider the linear analogue of the left half-line problem (jl.2j) , which has 
two boundary conditions. Consider, in addition to C°, the second boundary forcing 
operator 

£- 1 f(x,t) = d x £°l 1/3 f(x,t) 
( 2 - 13 ) « r A ,( * \ I-i/sf(t' 



3 1 A \(t-t')V 3 ) tt-vy/* dt ' 

By Lemma E21 if / G C^°(R+), then C~ 1 f{x,t) is continuous in x for all x G R and, 
since A'(0) = — (3r(|))~ 1 , the second representation of £ _1 /(x,t) in ()2.13j) gives 

(2.14) £- l /(0,f) = -/(*)• 

By ffZM. C- 1 satisfies 

(«9 t + Sg)£- 1 /(ar, *) = 35d(x) Z_ 1/3 /(t) for (x, t) G R x R 
£- 1 /( X) 0)=0 for 1 6 R 
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By Lemma 12.21 d x C°f(x,t) is continuous in x for all x £ R and since A'(0) = 

-(3rd))- 1 , 

(2.15) 



d x C°f{0,t) = -I- 1/3 f(t). 



Again by Lemma l2~2l d x C 1 f(x, t) = d x C Q I\/zf(x, t) is continuous in x for x ^ and 
has a step discontinuity of size 32_i/ 3 /(t) at x — 0. Since 



hW£ u /(M) 



d* y £»f(y,t)dy 



+ 



+oo 



C°(d t f)(y,t)dy byflZHD 

/•+oo 

= 3 / A(y) dy / d t I^ 2/3 f{t') dt' by (23J) and Fubini 

iy=0 io 

= x_ 2/3 /(t) 

we have 
(2.16) 

By (jHHD , (EH), (I2~TH|) . ff2~T!)|l. for yet to be assigned /i x and h 2 , we have 

(2.17) £°/n(0, t) + £- 1 /i 2 (0, t) = /n(t) - fc 2 (t) 

(2.18) 

(2.19) 

If we are given gi(t), g2(t), (ft, and set 



Yimd x C- l f{x,t) = -2J_ 1/3 /(f), limd x £- 1 f(x,t)=I_ 1/3 f(t). 



lim l l/z d x {C hi{x, -) + -))(*) = -/n(t) - 2h 2 (t) 

limX 1/3 9 !B (£ /i 1 (x, -) + ZT 1 /^, -))(*) = -/n(t) + fc 2 (t) 

a;J,0 



V 


1 


" 2 ~r 




>2. 


~ 3 


-i -i 





•a 3 

Zi/ 3 (c/ 2 - d x e 



\x=0 t 



\x=0> 



then by letting u(x, t) = e td *<f)(x) + C°hi(x,t) + £ 1 h 2 (x,t), we have 

' (dt + d?)u{x, t) = for x ^0 

u(x, 0) = <p(x) for x £ R 

u{0,t)= 9l (t) fort£R 

\imd x u(x, t) = g 2 (t) for t £ R 

^ x]0 

Owing to the degeneracy in the right-hand limits (|2.17|) . (|2.19|) . we see that we can- 
not specify both boundary data u(0,t) and derivative boundary data lim^o 9 x u(x, t) 
for the right half-line problem, which is consistent with the uniqueness calculation 

(Q. 
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2.2. Nonlinear versions. We define the Duhamel inhomogeneous solution operator 
T> as 

(2.20) Vw(x,t) 
so that 



i-it-t'Mwfat') dt' 







'2.21 



(d t + <%)Vw(x, t) = w(x, t) for (x, t) G 
Vw(x,0) = for a; G 1 

For the right half-line problem ([1.1)1 . let 



x 



(2.22) 
where 



A+w 



-tdl. 



\V(d x w 2 ) + C°h 



h(t) = f(t) - e 

and observe that if u is such that A + u 
problem let 



tel. 



,L =0 + ipM(o,t) 

it, then it solves (jl.l|) . For the left half-line 



(2.23) 
where 



- \V(d x w 2 ) + £% + ZT 1 ^ 







"2 1 ' 




h 2 (t)_ 




-1 -1 





91(t) - e 



-*9 3 



cLe" 



x=0 + im^ 2 )(o,t) 



1 1=0 



+ ±<Wa rW 2 )(o,-))J 



and observe that if u is such that A„u = u, then u solves p.2j) . One approach, then, 
to solving (jl.lj) and (jl.2|) is to prove that A + , A_ (or actually time-truncated versions 
of them) are contraction mappings in suitable Banach spaces. As is the case for the 
IVP, we need the auxiliary Bourgain space (jl.ll|) . 

Remark 2.3. In order to prove Lemma f3^fH]l . we shall need to take b < \. The 
D a norm is a low frequency correction for the X s ^ norm that is needed in order for 
the bilinear estimates fLemma \5.1U\) to hold for b < \. This problem is particular to 
our treatment of initial-boundary value problems and does not arise in the standard 
treatment of the initial-value problem (IVP) using the X St b spaces (see |KPV96j ). In 
treating the IVP, one does not need the Duhamel boundary forcing operators and is 
thus at liberty to take b > \, and the bilinear estimate Lemma \5. 1 (A holds in this case 
without the low frequency modification D a . 

3 + 1 

Consider the space Z consisting of all w such that w G C(H t ; H^) n C(W X ; H t 3 ) D 

s_ 

X s ^r\D a and d x w G C(R X ; Hf). Suppose we wanted to show that the maps A± above 
are contractions in a ball in Z with radius determined by the norms of the initial and 
boundary data. (This was done by |CK02j for A + with s = without the estimates 



on cLw in 



and their arguments easily extend to — ~ < s < |.) The needed 



estimates for such an argument appear below in ^SJas Lemma f5. 51 for e *, Lemma 
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15.61 for T>, Lemma f5.8l with A = for C°, and Lemma f5.8l with A = — 1 for £ 1 . The 
constraints in Lemma l5~8Hdl) for A = are — \ < s < 1, and the constraints in Lemma 



l5.8[J3j) for A = — 1 are — | < s < 0, thus restricting us to — | < s < 0. In order to 
achieve the results in the wider range — |<s<|,s^|,we next introduce (in Q 



two analytic families of operators C\ and C x such that C\ 
solution properties are: 

„A-i 



C~\ The 



(d t + d 3 x )C x + f(x,t) = 

C x + f(x,0) = 
C x + f(0,t)=e mX f(t) 



x_ 



r(A) 



and 



„A-1 



(d t + d?)C x f(x,t) 

C x f(x,0) 
C x f(0,t) 



1 



r(A) 



2sin(fA + f)/(t) 



/(*) 



X X 

Due to the support properties of -^hr and -j^-, {d t + d x \)C x _f{x, t) = for x > and 



r(A) 



(flit + d 3 )C x f(x,t) = for x < 0. For any -| < s < §, s ^ |, we will be able to 
address the right half-line problem by replacing C° in (J2.22JI with for suitable 
A = A(s) and address the left half-line problem ()1.2|) by replacing £°, £ _1 in (|2.23|) 
with C^ 2 for suitable Ai 7^ A2 chosen in terms of s. 

After the classes C± have been defined and examined in some properties of the 
half-line Sobolev spaces H^(R + ), H S (R + ) will be given in £01 The needed estimates 
for the contraction arguments are given in £0 Finally in ^BUHl we prove the local 
well-posedness results in Theorem 11.31 

3. The Duhamel boundary forcing operator class 
Define, for Re A > 0, and / e C CO (M + ) 



C x f(x,t) 



(3-1) 



and, with 



„A-1 



JL _i 



*£°(2L V8 /)(-,*) 



|r(A) 

r(A)/c ( x -v) x ~ lj FP-wf)M d v 



r(A) ^ r(A) 



e wl " ' w'^ 1 define 



(3.2) 



r(A) 

AttX r+00 



£ (X_W8/)(-,t) 



r(A) 
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By integration by parts in (|3.1|) . the decay bounds provided by Lemma 12721 and (j2.11|) . 



£ x f(x,t) 



x 



(3.3) 



(A+3)-l 
+ 

r(A + 3) 

(A+3)-l 



*d 3 x C°f(-,t) 



[x 



X 



fit) 

( x _ y )(A+3)-l 



<r=-r. tI- 2 A 

r(A + 3) -s-s 



C°(d t I_,f)(y,t)dy 



r(A + 3) 

For Re A > —3, we may thus take ()3.3)1 as the definition for By integration by 

parts in ()3.2j) . the decay bounds provided by Lemma E21 and 1)2.1 lj) . 

(A+3)-l 



Cif(x,t) 



x_ 



(3.4) 



r(A + 3) 

(A+3)-l 



[x 



X 



<rzrr: t1- 2 A 

r(A + 3) ~3-3 



+ e 



inX 



_ x +y )(A+3)-l 



C°(d t I_,f)(y,t)dy 



, r(A + 3) 

For Re A > —3, we may thus take ()3.4)1 as the definition for £+/. It is staightforward 



from these definitions that, in the sense of distributions 

™A-l 



(dt + %)Cif(x,t) = 3 



r(A) x -l-t 



/(*) 



and 



x 



A-l 



(d t + ^/0M) = 3^x_ | _ | /(t) 



Lemma 3.1 (Spatial continuity and decay properties for C±f(x, t)). Let f G C^°(]R + ) 7 
and fix t > 0. We have 

Cg 2 f = d 2 x C%J, CZ 1 f = d x £°l k f, C° ± f = Cf 

Also, £± 2 f(x,t) has a step discontinuity of size 3f(t) at x = 0, otherwise for x ^ 0, 
£± 2 f(x, t) is continuous in x. For A > —2, C±f{x, t) is continuous in x for all iGK. 
For — 2 < A < 1, < t < 1, C x f(x,t) satisfies the decay bounds 

\C x _f(x,t)\ < c kXf (x}- k Vx<0, VA;>0 

\C x _f\x,t)\<c Kf (x) x - 1 Vx>0 

For — 2 < A < 1, < t < 1, C\f{x,t) satisfies the decay bounds 

\C x + f(x,t)\<c kXf (x)- k Vx>0, VA;>0 

\C x + f{x,t)\<c XJ (x) x - 1 Vx<0 
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Proof. We only prove the bounds for £ x f, since the corresponding results for are 
obtained similarly. For x < —2, the result follows by direct estimation in (|3.3J1 using 
\£°(dtl_\f)(y, t)\ < Ckj(y)~ k (x)~ k obtained from ()2.7|) (since \y\ > \x\). Assume 
x > 2. Let ip e C°°(R) be such that ijj(y) — 1 for y < | and ^(y) = for ?/ > §. 
Then 



;r 



(A+3)-l 



r(A + 3) - 

x (x-y) x+2 



+ 
I + 11 



T(A + 3) r Vx 
» (x-y) A + 2 



r(A + 3) 



1 -1p 



X 



d d y £»l_.f(y,t) dy 



In I, y < |x, integrate by parts, 



<9 3 

v 



A+2 



(g -y) 
L r(A + 3) 



£°l_xf(y,t)dy 



{x-y) x 1 



r ( A) 



(x-y)^'- 1 1 
T(A + j) xi 



^(t) C°l_xf(y,t)dy 



x 



In the first of these terms, since y < fx, (x — y) x 1 < (|) A x x A x . In the second term, 
~x < y < fx, and thus we can use the decay of £°I_\/ 3 f(y,t). In II, y > ~x, apply 



II 



(x - y) 



A+2 



r(A + 3) 

(x - y) x+2 

» r(A + 3) 



X 



x 



(36 Q (y)l„ V3 f(t)-£°(d t l_ 2/3 f)(y,t))dy 
£°(d t l_ 2/3 f)(y,t)dy 



Since y > jx, we have by Lemma [2.2^ 

|£°(^X_ 2/3 /)(y,t)| < c fc ||/||^ +1 (x)- fe (y)- fc , 
which establishes the bound. 

Lemma 3.2 (Values of £^f(x,t) at x = 0). For Re A > -2, 



□ 



(3.5) 



£if(0,*) = 2 sin(|A +!)/(*) 



(3.6) 
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In order to prove this, we need to compute the Mellin transform of each side of the 
Airy function. 

Lemma 3.3 (Mellin transform of the Airy function). If < Re A < \, then 

r+oo 

(3.7) / x^Ai-x) dx = JLr(A)r(-|A + \) cos(f A - f ) 
Jo 

If Re A > 0, then 

r+oo 

(3.8) / x x - 1 A(x)dx = ±r(\)T(\ - |A)cos(§A + f) 
Jo 

Note that although T(| — |A) has poles at A = 1, 4, 7, ■ • • , cos(|A + |) vanishes at 
these positions. 

Proof. We shall only carry out the computation leading to (J3.7j) . since the one for 
(13.8)1 is similar. Owing to the decay of the Airy function A{— x) < c{x)~ l ^ A for 
x > 0, the given expression is defined as an absolutely convergent integral. In the 
calculation, we assume that A is real and < A < 4, and by analyticity, this suffices 
to establish flH7|). Let A±(x) = ± / +o °e ! ^ 3 ^, so that A(x) = 2Re Ax(x). Let 
Ax >e (x) = ^ e lx ^e^ 3 e~ e ^ d£. Then, by dominated convergence and Fubini 

r+oo 

(3.9) / x^Axt^dx 
Jo 

r+oo 

= limlim / x x ~ 1 e~ Sx A 1 J— x) dx 
40 8io J X=Q 

(3.10) = Urn Urn— / e*V* / x^e^e^ dxd£. 

40 8io 2vr 7 5=0 J x=0 

By a change of contour, 

r+oo 

(3.11) / x A - 1 e- fa e^di = rV A ?r(A,(5/0 
where T(X,z) = r x ~ 1 e trz e~ r dr. By dominated convergence, 

r+oo 

lim / x^e-^e-^ dx = C X e' X ^T(\) 
Since (|3.11|) is bounded independently of 5 > 0, we have by dominated convergence 

i r+oo 

(jSHD = — T{\)e~ iX % lim / e 4 « 3 e-^r A ^ 
Change variable rj = £ 3 and change contour, this becomes 

-i r+oo _ 

1 pM \ _22rAi 2ri / _ (■ A/3,jI \_l/3 _2_A 

— r Ale 3 es hm / e e 2 2J r 3 3 dr 
6tt v ; 40,/n 
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Finally, dominated convergence yields 

r+oo 

/ dx = ± e -^efT(X)T(l - f) 

Jo 

Using A(x) = 2Re A,(x). we obtain (jHHj) □ 

Now we return to the proof of Lemma f3. 21 
Proof of Lemma \3. M From ()3.3|) , 

(3.12) £*/(0,f) = f ( 0^ ) C\d t l_,f){y,t)dy 
and from ()3.4|1 . 

f+oo A+2 

(3.13) £ x + f(Q,t)=e™ x y—£°( dt l^f)(y,t)dy 

By complex differentiation under the integral sign, (j3~T2l demonstrates that £ x f(0, t) 
is analytic in A for Re A > —2. We shall only compute ()3.5j) for < A < 4, A real. By 
analyticity, the result will extend to the full range Re A > —2. For the computation 
in the range < A < |, we use the representation (|3.1|) in place of ()3.12|) to give 

C x f(0,t) = J ^U»—C f<y,t)dy 

By the decay for A(—y), y > 0, we can apply Fubini to the above equation after 
inserting (|2.5|) and then apply (J3.7J) to obtain 

^/(0, t) = ir (-|A + |) r (|A + |) cos (f A - f ) z 4A+s (J_|_ i /)(t) 

7T 

Using the identities r(z)r(l— 2) = , cosx = sin(^ — x), and sin 2x = 2cosxsinx, 

sin 71 z z 



^(-|A + f)^ A+i 
= 2sin(fA + f)J |A+| (J *_,/)(*) 

giving (|3.5j) . By complex differentiation under the integral sign, ()3.13|) demonstrates 
that /+(£, A) is analytic in A for Re A > —3. We shall only compute ()3.6j) for < A, 
A real. By analyticity, the result will extend to the full range Re A > —3. For the 
computation in the range < A, we use the representation ()3.2|) in place of ()3.13|) to 
give 

r+°° w A-i 

C%f(0,t) = J" x J q ^£°l_xf(y,t)dy 

By the decay of A(y), y > 0, we can apply Fubini to obtain 

4/(0, t) = £r(| - |A)cos(f A + f)e- A Ji A+| (J u _|/)(t) 



3" 3 
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Using the same identities as above, we obtain (|3.6j) . 



□ 



4. Notations and some function space properties 

We use the notation H s to mean H S {R) (and not H S (R + ) or Hq(R + )). The trace 
operator 0(0) is defined for G H S (R) when s > |. For s > 0, define G _£P(R + ) 
if 3 G iiP(R) such that <f>(x) = <p{x) for x > 0; in this case we set ||0||h s (ir+) = 
inf^ ||0||frs(R). For s6R, define G Hq(R + ) if, when <p(x) is extended to 0(:r) on E by 
setting 0(x) = for x < 0, then G if s (M); in this case we set ||0||//s(r+) = ||0||//»(r)- 
For s < 0, define H S {R + ) as the dual space to H S (R + ), and define H°(R+) as the 
dual space to H~ S (R + ). A definition for H s (0, L) can be given analogous to that for 
H S (R + ). 

Define G L7g°(M+) if G l7°°(M) with supp C [0, +oo) (so that, in particular, 
and all of its derivatives vanish at 0), and C^.(M + ) as those members of C^°(R + ) 
with compact support. We remark that C^° C (M + ) is dense in Hq(R + ) for all sGi 

Lemma 4.1 ([CK02] Lemma 2.8). If < a < \, then \Qh\na. < c\h\^ a and 
\\9h\\g- a < c\\h\\H-<*, where c = c(a, 6). 

Lemma 4.2 QJK95, Lemma 3.5). If —\ < a < \, then ||x(o,+oo)/||if« < c\\f\\ H <x, 
where c = c(a). 

Lemma 4.3 f |CJK02j Prop. 2.4, jJK95j Lemma 3.7, 3.8). If \ < a < §, then 

H£(R + ) = {f G H a (R+) | f(0) = 0}. 



If\<a<\andfe H a (R+) with /(0) = 0, then ||x( , + oo)/||fly{R+) < c\\f\\ Ha{R+) , 
where c = c(a). 

Lemma 4.4 ( |(JK02| . Lemma 5.1). If s G R and <b < 1, < a < 1 then 

\\0(t)w(x,t)\\x Stb nD a < c\\w\\ Xstb 

where c = c(6). 

Lemma 4.5 ( |CK02| Cor. 2.1, Prop. 2.2). For a > 0, HQ a (R + ) is a complex inter- 
polation scale. For a > 0, Hq(R + ) is a complex interpolation scale. 



5. Estimates 

5.1. Estimates for the Riemann-Liouville fractional integral. In this section, 

t a-l 

we shall use the notation J a f = * / for / G Cq°(WL) (no restriction on support of 
/ to [0, +oo)). This is in distinction to the definition of X a , where we are convolving 
with a function / supported in [0, +oo). 
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Lemma 5.1. Let a G C. If fii G Cq°(M) and fi 2 G C°°(R) such that /i 2 = 1 on a 
neighborhood of (— oo, 6], where b = sup{ 1 1 1 G supp /xi }, then \i\J a \i 2 h = H\J a h. If 
fi 2 G Cq°(1R) and /ii G C°°(R) such that \i\ — 1 on a neighborhood of [a, +oo) ; where 
a = inf { 1 1 1 G supp /i 2 }, then ^iJ a ^2h = Ja^h 

Proof. The first identity is clear from the integral definition if Re a > 0. If Re a < 0, 
let k G N be such that —k < Re a < —k + 1 so that J a = d^J a+ k- Let U be an open 
set such that 

supp /ii C (— oo, b] C U C { 1 1 jj 2 (t) = 1 } 

Then V t G [/, J a +kh = Ja+k^h, which implies that V t G (—00,6], d^J a+ kh = 
d% Ja+k^h, which implies that V t G M, ii\dtJ a+ kh = ii\d\j a +k\i 2 h. The second 
claim is clear by the integral definition if Re a > 0. If Re a < 0, let k G N be such 
that —k < Re a < —k + 1 so that J a = J a+ kd\. Since supp cP t \i 2 C [a, +00) c 
{ 1 1 = 1 }, we have 

fnJ a+k (difi 2 )(dt j h) = J a+k (d(fi 2 )(dt j h) 

and thus ^iJ a+k d^ fi 2 h = J a+k d^ 2 h. □ 

Lemma 5.2. For 7 6 t, s 6 1, ||Ji 7 ^||^(K) < cosh(|7r7)||/i||ij«(K) 

Proof. From we have 

f e |^7 e -nin|€| if^>o 

e -^7 e -nln|?| if £ <0 



and thus 




□ 



r(i 7 ) 

Lemma 5.3. If < Re a < +00 and sGK, then 

(5-1) ||£Vi||ffg(R+) < ce2 Ima ||/ i || //o3+Q(K+) 

(5.2) \\J-Ji\\ H s {m < ce5 Im Q ||/i||^ +Q(R) 

Proof. (15. 2 j) is immediate from ()2.2j) . (|5.1|) then follows from ()5.2|) by Lemma T2. II and 
a density argument. □ 

Lemma 5.4. 7/0 < Re a < +00, s G R, //,/i 2 G C£°(M) 

(5.3) ||/iX a /i||^(R+) < ce^ 1111 a \\h\\ H s- a{R+) c = c(/i) 

(5.4) \\fJ.JafJ>2h\\H^R) < Ce^ Ima ||/l||^— (M) c = c(/i,/z 2 ) 

where c = c(fi, ji 2 ). 
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Proof. We first explain how (|5.3J1 follows from (|5.4|) . Given /i, let b = sup{t|t G 

supp n }. Take /x 2 € C7£°(R), /j 2 = 1 on [0, 6]. Then, when restricting to ft, G C7^°(M + ), 

we have \xT a h = \ij a \i^h. By Lemma 12711 and a density argument, we obtain ([5.3)1 . 

Now we prove (|5.4|) . We first need the special case s = 0. 

Claim. If k e Z> , then \\ pi Jkpi2h\\ < c\\h\\ H -i>(jg), where c = c(/i,/i 2 ). 

To prove this claim, consider fceN. If g G C£°(R) with ||p||i2 < 1, then 

||/A7fc/U 2 ft|| L 2 = fTTT SUp / //(*) / (t - s) fc_ V2(s)ft(s) ds </(*) dt 

i /■ r+oo 

= — — sup / h(s)fi 2 (s) / //(*)(*- s) k - l g{t)dtds 



<^INI"-* 

< c l|ft||H- fc llfi , IU 2 



// 2 (s) / ^{t-sf^g^dt 

t=s 



H k (ds) 



The case = is trivial, concluding the proof of the claim. 

To prove JO}, we first take a = k G Z> , s = m G Z, ft G Cg°(R). 

Case 1. m > 0. 

m 

\\fiJkfJ>2h\\H^ < \\fl>Jkfl>2h\\ L 2 + ^2 W^Jk-m+j&hWL* 

m 

< c(\\h\\ H -k + ^2 \\h\\H"^-k-j) < c\\h\\ H m-k 

by appealing to the claim or Lemma f5. 31 

Case 2. m < 0. Let /x 3 = 1 on supp /i, /i 3 G C^°(R + ). 

and therefore 

\\fJ>JklJ-2h\\H m < ||/^3t7fe-mA*2^||L2 

and we conclude by applying the claim. 

Next, we extend to a = k+ij for k, 7 G R, as follows. Let /i 3 = 1 on a neighborhood 
of (—00,6], where 6 = sup{ t \ t G supp /x}, and let /14 = 1 on a neighborhood of 
[a, +00), where a = inf{ t \ t G supp /i 2 }, so that /i 3 /i4 G C^°(R). By Lemma l5~Tl 

By Lemma [5.21 

ll/xJfc+^ftllH'* < ccoshd^ll^Ai^^llfr™ 
which is bounded as above. We can now apply interpolation to complete the proof. □ 



(c) (Derivative time traces) \\9(t)d x e tdx <l>(x)\\ j < c||0||# 
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5.2. Estimates for the group. The operator e~ td * was denned above in (|2.H|) sat- 
isfying fl21J. 

Lemma 5.5. Let s£l. Taen 

(a) (Space traces) ||e~ tl9 '0(a;) || c(Kt;H|) < c||0||^ ■ 

(b) (Time traces) ||0(t)e-*£0(a;)||__ ^ < c\\<j>\\ H '. 

(d) (Bourgain space estimate) IfO < b < 1 andO < a < 1, then \\0(t)e~ td *<j)(x)\\x ah r\D a < 
c II^IIh 1 ||0||h s ; where c is independent of 8. 

Proof, (jaj),® follow from the definition (jZISj) and (P,(jcj) appear in |KPV91j . □ 

5.3. Estimates for the Duhamel inhomogeneous solution operator. The op- 
erator T> was defined above in ()2.2()j) satisfying (|2.21jl . 

Let 

1 /2 

MWs > b= Ui, (r)2s/3(r "^ 3)26| ^' r)|2 ^ c/r ) 

Lemma 5.6. Let s£l. Taen 

(a) (Space traces) IfO < b < \, then 

\\e(t)Vw(x,t)\\c(^Hs) < c\\w\\ Xs> _ b . 

(b) (Time traces) If < b < |, i/ien 

||0(*)ZWa;,*)|| s+ i 

c|k|| v , if - 1 < s < \ 



< 



a-b — — 2 

c (IMk._ b + IIHk-J for an y s 



If s < I, i/ien II ft) XHo fx, till «+i nas tne same bound. 
(c) (Derivative time traces) I/O < 6 < ~ ; inen 

IW)^(M)ll c(B-;fltf) 
< 



c|Mk,_ 6 if < s < | 

C (IIHU S ,_> + HHk-J for any s 



If s < I, t/ien ||0fi)cLX>K;(:r, till # , /ias the same bound. 

J 2 ' 11 w v ' ' ll C(R :c ;.ff 3 (]R+)) 

(d) (Bourgain space estimate) IfO < b < ~ ana 1 a < 1—6, inen ||6'(t)Dw(x, t) ||x s b nD a < 

c|Mk,_ 6 - 

Remark 5.7. Tne need /or £ne Y,^ (time- adapted) Bourgain space arises here in 
Lemma \5. ffljbj) ffcf m order the cover the full interval — | < s < j (is / ^j. It is 7 
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however, only an intermediate device since the bilinear estimate in Lemma 15. ifllfb|) 
enables us to avoid carrying out the contraction argument in Y s ^. 

Proof. (jd| is Lemma 5.4 in [CK02J (although Yj, has a different definition from ours) 
and (jlj) is a standard estimate (see the techniques of Lemmas 5.4, 5.5 in [CK02J). (jbj) 
is Lemma 5.5 in [CK02J and the proof of (jcj) is modelled on the proof of Lemma 5.5 
in |(;K02| . □ 

5.4. Estimates for the Duhamel boundary forcing operator class. The oper- 
ators £± were defined above in (j2.5J) solving ()2.6|) . (j2.12|) . 

Lemma 5.8. Let s£l. Then 

(a) (Space traces) If s — |<A<s+| ; A<| ; and supp / C [0,1], then 
l|£±/OM)llc(R*;ir«) < 4 



-) 

(b) (Time traces) If —2 < A < 1, then 

\mcifM\\ c(I ^ {Rtn <c 

(c) (Derivative time traces) If — 1 < A < 2, then 
\\6(t)d x £if(x,t)\\ * . <c|L„ 



8+1 



(d) (Bourgain space estimate) If s — 1 < A< s + ~, A< ~, a < s g +2 ; and 
0<6< i, tnen \\6(t)£if(x,t)\\x., b nD a <4f\\ 41 . 

Remark 5.9. The restrictions on s, A in Lemma \5. #ffa| (jdj) are tae primary purpose 
for introducing the analytic families £± and not simply using £° for the right half- 
line problem and C°, C^ 1 for the left half-line problem. Note that by the assumption 
A < s + \, we have s ~ x+2 > \, and thus we may take \ < a < s ~ x+2 , which is needed 
in order to meet the hypotheses of the bilinear estimates in Lemma \5.1UL 

Proof. We restrict to for notational convenience. Also, we assume in the proof 
that / G Co°(R + ). The estimates, of course, extend by density. To prove (a), we use 
( ~ denoting the Fourier transform in x alone) 

(c x fm,t) = ^-^o)- x /V-^ 3 X_A_2/(tV*' 

Jo 3 3 

By the change of variable r\ = £ 3 and the support properties of Z_\_if(t') 
\\A< [\v\-*-Hv)% f e^-^l^J^dt' 

Jn JO 33 

| ?? |-f-|( r/ )T|( X( _ 00it) J_,_ | /)^)| 2 ^ 



3 3 
2 

di] 
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2 „„j „ 5 



2.3 



:t' 1 :,<—- o - 2 "I < -f -§ + T < L B y 



f A - 1 and s-|<A<s + ^ 

2A 2 , 



noting that A < | == 

Lemma f4. II (to replace l^l - ^ - ^ by (t))~^~~%), Lemma f4. 21 (to remove the time cutoff 
factor X(-oo,t))> an d Lemma f5. 31 ftp estimate X_a_2) we obtain the estimate in (a 
To prove (b), we first note that the change of variable t' — > t — t' shows that 



and thus (b) is equivalent to 



(I -d 2 t )^rh(t')dt' 



(X_A_a/)(0 dt' d£ 



< c 



Li 



L? 



Using that X(-oo,t) = |sgn (t - t') + \ 



2> 



3 +*(t-t')£ 3 





lim / 




40 J\ 7 



g ( r _ z0 )f + |(^_,0)-A 



|r-C 3 |>e 

= 1 + 11 

We can rewrite II as 



d^ 



f(r) dr 



,+i(t-f)e 



(X_A_a/)(0 



ii = jr-'Hx , jnenc - dt 

The substitution r\ = £ 3 and ()2.2|) gives 

11= j e < *V I,?1/3 (^-iO)^ + i(r/ 1/3 -iO)-V 2/3 /(^)^ 
which is clearly L\ — > L\ bounded. In addressing term I, it suffices to show that 

(5.5) 



lim 

40 



Eg (r-i0)f+l(e-z0)- A „ 
r3 ac, 



'ir-e 3 [>e r - £ 

is bounded independently of r. Changing variable £ — ► r 1//3 £, and using that 

(r V3£ _ z0 )- A = r; A/3 ( Cl £; A + c 2 r A ) + . A V,i A + c 2 £; A ) 

we get 
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The treatment of both integrals is similar, so we will only consider the first of the 
two. Let -0(0 = 1 near £ = 1, and outside [|, §]. Then this term breaks into 

J? 1 - £ d ^ 1 - C d 

The integrand in term I& is an L 1 function (provided A > —2), so |Term I&| < c. Term 
la is 



(l/ l+e+ei-r^ 

This becomes convolution of a Schwartz class function with a phase shifted sgn x 
function, which is bounded on Lf, completing the proof of (b). 

Part (c) of the theorem is a corollary of (b) and the fact that d x C± = C^T 1 I\/z- 

To prove (d), first note that by (|2.2j) 

/iff 
C T ~_ 6 e (r-iO)* + g/(r)rfr 

Let ip(r) E C°°(R) such that ip(r) = 1 for \t\ < 1 and tp(r) = for |r| > 2. Set 

_ _ e 3 ))(r _ , )t+l/(r) dr 

«2 )2 (£, t) = (£ - *0)- A | -^-(1 - V(t - £ 3 ))(r - «))*+§ /(r) dr 

so that £ A / = u\ + w 2 ,i + «2,2- For -1 < A < |, both (£ - iO)~ A , (r - iO)t+l are 
square integrable functions and thus 

(r-ey 



M) \M\ 2 x mJb <c \t\+* / ^ de)l/(r)l a dr 



Since — 1 < A < |, we have —1 < — ^ — | < and 



2A 2 1 2s 



( 5 - 7 ) / /_ ,3x2-26 # = / \v\-^-Hv)-(T-v)- 2+2b dv<c(r)-~ + - 



This is obtained by separately considering the cases \r]\ < 1, |r| << |t/|, and |r/| << |r|, 
and using that s-l<A<s+± implies -l<y-^-|<0. Combining (J2~2)) and 
(|5.fi|) gives the appropriate bound for ||«2,i||x s( ,- To address the term u 2)2 , we first 
note that U2,i{x^t) = 6(t)e~ t9x <j)(x), where 

(5.8) 0(0 = (e - *or A / irfcii!) (j , rfr 
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Taking h = T_\_ij (so that h G C^°(IR + ) by Lemma [2.1)1 . we claim that 

(5.9) J Hr) 1 ~ ^ ~J 3) dr = J h(r)(3(r - £ 3 ) dr 

where /3 G <S(R). This follows from the fact that supp h C [0, +oo) as follows: Let 
gi(r) = ±^l2. Then 

9l(t) = |sgn t - Jsgn(t - s)i>(s) ds 
Let a G C°°(M) be such that a(t) = 1 for t > and a(t) = —1 for £ < —1, and set 

92 (t) = i a (t) sgn(£ - s)4>(s) ds 



To show that g 2 G «S(R), note that by the definition and the fact that t/5 G S, we have 
#2 G C°°(R). If £ > 0, then since ^ fi>(r) dr = tp(0) = 1, we have 

= | - i / sg n (^ - ds = ^ ^(s) ds 

If £ < — 1, then likewise we have 

02 (*) = -| - ^ / sgn(t - s)^(s) ds=£ rjf(s) ds 

Js J s<t 

which provide the decay at oo estimates for g 2 and all of its derivatives, establishing 
that g 2 G <S(R). Since g x {t) = g 2 (t) for t > and G Co°(R + ) we have 

jkr) l ~^ e e) dr = -(h * ^)(e 3 ) = -27rM£ 3 ) 
= -27rfe(e 3 )= / %)/3(r-e 3 )rfr 



where /3(r) = — <72( — r ), and /3 G «S(R) since g 2 G <S(R), thus establishing ([5.9)1 . To 
complete the treatment of 1*2,2; it suffices to show, by Lemma EHHSJ) , that ||^||h« < 
c||/|| 41. By (jEHJ), (jSH), Cauchy-Schwarz and the fact that |/3(r-£ 3 )| < c(r-£ 3 )- N 
for N >> 0, 

< J (e) 2 ier 2A ^/3(T-e 3 )ir|i + f|/(T)|dry # 



< / ( /ir 2A <e> 2s <T-e 3 >- 2Ar+2 



|r|" + f|/(r)| 2 dr 



After the change of variable 77 = £ 3 , the inner integral becomes (A < | ==>- — ^ — | > 
-1) 

2A 2 , i 2s y , 27V-|-2 * . 1 \ 2A 2 1 2s 
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This latter estimate can be obtained by considering cases \rj\ < 1, \r)\ < ||r|, and 
\v\ > |l r l (using — 1 < A — s — ^ — | + y < 0). By the power series expansion 
for e u ^ 3 \ ui(x,t) = ££ ^9 k (t)e- td '(j) k (x), where 6 k (t) = i k t k 6(t) and 



MZ) = K - ^ / (r - £ 3 ) fe -V(T - ^ 3 )(X_|_|/)» rfr 

J T 

By Lemma EIH O , it suffices to show that ||0fc||.ff a < c||/|| «+i . Note that 
||0fclk.< \ki? S \iY 2X {\ \r\^\f(r)\dr) 2 dt, 

./£ \^|t~£3|<1 / 



< / (7 (0 2 ier 2A ^)H" + %V)i 2 ^ 

■/r \</|T-f 3 |<l / 



V-? 3 l<i 

The substitution = £ 3 on the inner integral provides the needed bound. □ 
5.5. Bilinear estimates. 

Lemma 5.10. (a) For s > — |, 3 6 = 6(s) < | suc/j i/iai V a > | ; we /jcroe 

(5-10) \\d x (uv)\\ Xsi _ b < c\\u\\ Xsib nD a \\v\\x Sib nD a 

(b) For — I < s < 3, 3 b = b(s) < | such that V a > \, we have 
(5-11) \\d x (uv) \\ Ys _ b < c||M|| Xsi)nDQ \\v\\x s>b nD a 

Remark 5.11. The purpose of introducing the D a low frequency correction factor is 
to validate the bilinear estimates above for b < |. Recall that the need to take b < ~ 
arose in Lemma \5. <5tjdj) . 

We shall prove Lemma IB. 101 bv the calculus techniques of |KPV96j . We begin with 
some elementary integral estimates. 

Lemma 5.12. If ~ < 6 < | ; then 
(5-12) / 7- -r^T- ^ < 



Proof. By translation, it suffices to prove the inequality for (3 = 0. One then treats the 
cases |a| < 1 and \a\ > 1 separately, and for the latter case, uses (x — a)~ 2b (x)~ 2b < 
\x — a|~ 2b |x|~ 26 and scaling. □ 

The following is |KPV%j Lemma 2.3 (2.11) with 2b - \ = 1 - I verbatim. 

Lemma 5.13. Ifb< \, then 

r , n , f dx ^ c (i + / 3) 2 -^ 

1 ' J lxl ^(x)*»-i\a-x\^- {a )h 
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Proof of Lemma \5. (jgj) . We begin by addressing — | < s < — |. The proof is mod- 
elled on the proof for b > \ given by |KPV96j . Essentially, we only need to replace 
one of the calculus estimates ( |KPV96] Lemma 2.3 (2.8)) in that paper with a suitable 
version for b < \ ( Lemma l5.12|) . Let p = —s. It suffices to prove 

cm\ ff l^«- T > te>!Miil^M!M^L> < .iuii iuii iuii 

(5 - 14) J J. <r -?)'«)' mun) — m^r - c ^*^*^ 

for d > 0, §i > 0, §2 > 0, where * indicates integration over f, f 1; f 2 , subject to 
the constraint f = fi + f 2 , and over r, T\, t 2 , subject to the constraint r = Ti + r 2 , 
and where flj(£,j,Tj) = (tj — f|} 6 + X|^|<i( r j) Q - By symmetry, it suffices to consider 
the case |t 2 — £fl < |ri - Cil- We address in pieces by the Cauchy-Schwarz 

method of [ KPV96j . We shall assume that |fi| > 1 and |f 2 | > 1, since otherwise, the 
bound (j5.14|) reduces to the case p = 0, which has already been established in |CK02j . 



Case 1. If \t<i — £|| < \T\ — £(\ < |r — £ |, then we shall show 

(5 15) III ( ff te^fe) 2 " Xi.Y^c 

To prove this, we note that 

(5.16) r-e + 3&i6 = (r 2 - f 3 ) + (n - &) 

By lemma with a = f 3 and /3 = f 3 + r — f 3 + 3ffif 2 , we get that (J5.15|) is bounded 
by 

lei (r (ti) 2p (& 2p ,,V /2 
(r - e 3 ) 6 (e)" V4 (r - e + m^- 1 *v 

By (jOT^I . |ff if 2 1 < \r - £ 3 |. Substituting l^&l < |r - f 3 ||f |~ x into the above gives 
that it is bounded by 

( * m \^- p (r-ey- b ( r gi V /2 

1 ' ] (0 P V4 (r - f 3 + 3ff!6) 4b - V 

Let m = r — f 3 + 3ffif 2 , so that, by (|5.1fi|) . we have \u\ < 2|r — f 3 |. The corresponding 
differential is 

cdu 

Substituting into (j5.17|) . we obtain that (|5.17|) is bounded by 

(0 P \J\u\<2\r-e\(u)^U-(T-{e)\ 1/2 . 

By Lemma f5.13[ this is controlled by 



<0 2p ~ ! <^-K 3 > 1/4 
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This expression is bounded, provided b > |p + ^. 

Case 2. |r 2 — £fl — l r i — Cil; l r — £ 3 | ^ l r i ~~ m this case, we shall prove the 
bound 

,.„, i III \i?-^UM^' ,, CJ V < 

(5 ' 18) l^W UL (0»(r - «•>»<* - ©» * V £C 

Since 

(5.19) (n - £ 3 ) + (r 2 - e 2 3 ) - (r - £ 3 ) = 3^i6 

we have, by Lemma lo~T2l with a = £ 3 , /3 = £ 3 + (n - £ 3 ) - 3f fif 2 , that (1K7TH|) is 
bounded by 

(5 20) 1 //• (O^IKAI" y^ 

We address (|5.2U|) in cases. Cases 2A and 2B differ only in the bound used for (£) 2_4p , 

while Case 2C is treated somewhat differently. 

Case 2A. |6| ~ |f | or |6| « |f |. Here, we use (£) 2 ~ 4p < (6> 2 ~ 4p - 

Case 2B. |f | « |6| and [|n| » ±|6| 3 or |n| « ±|£l| 3 ]. Here, we use (£) 2 ~ 4p < 1. 

Cases 2A and 2B. In the setting of Case 2A, let g(£,i) = (Ci) 1_2p , and in the setting 

of Case 2B, let gfa) = 1. Since by iJETTTty . |£66l < |n - ijS^njl is bounded by 

(5.2D 9(W(Tl _^y_^__) 1/2 

Set u = n - £ 3 - 3££i£ 2 . Then 

*x = 36(6 - 20^ = c\^\ 1/2 \u - (n - ^i 3 )l 1/2 ^ 
which, upon substituting in (|5.21|) . gives that it is bounded by 

&(6)(Ti-ei 3 } p - 6 I f du 



1/2 



By Lemma f5.131 this is controlled by 

In Case 2A, gfa) = (6) 1_2p , and (jPg) becomes 

(ri - 6 3 ) p+1 - 36 



(6>^<rx-je?> 1/4 

which is bounded provided b > |p + ^. In Case 2B, g(£i) = 1> an d (|5.22|) becomes 

(n - ay +i - 3b 

(6) 1/4 (ri - Ki) 1/4 
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which is bounded (under the restrictions of Case 2B) provided b > |p + -g. 
Case 2C. |£| << |£i| and |ti | ~ ^|^i| 3 - Here, we return to (|5.20|) and use that 
|n| ~ i I 3 and 3|&i6l < ±|£i| 3 implies (ti-£?-3&i&) ~ (6) 3 - Substituting into 
(|5.20|) . we find that it is bounded by 

{Ci)3p -i 5b+ s n (o 2 -^ dA 1/2 < (^r^i 

\J\t\<\ei\ / 

which is bounded provided b > -j^p + ^. 

We have completed the proof for — | < s < — ~ , and we shall now extend this result 
to all s > — | by interpolation. From the above, we have (j5.10j) for s = — | and some 
b < \. As a consequence, 

R(HIU 3 b 

< II^MIU 5 fc + \\d x [(d x u)v]\\ x 5 h + llWMiiu 5 



-6 



< (IklU 5 b nD a + \\d x u\\x 5 .nDjGMIx 5 ,nD a + \\d x v\\ x 5 .nsj 

< ll u IU a b nD ||v||x 3 b nr> a 



thus establishing (j5.10|) for s — |. Now we can interpolate between the cases s — — | 
and s — | to obtain (j5.10J) for — | < s < |. Similarly, we can extend (j5.10|) to all 
s>-§. ' □ 

Proof of Lemma \5. 1 fllJE]) . First we address the range — | < s < — |. Let p = —s. 
Note that by the X Si b bilinear estimate Lemma fo.lOljgj) . it suffices to prove the lemma 
under the assumption |r| < ||£| 3 . Constant multiples are routinely omitted from the 
calculation. 

Step 1. If |6l > 1, 161 > 1, |t 2 - e 2 \ < \n - \n - e?l < 1000|r - £ 3 |, and 
|t| < il£| 3 5 then the expression 

(5 ' 23) U, /, (n-ffl^-ap dTl df 1 



is bounded. 

Proof. Applying Lemma 15.121 using r 2 — £| = (r — £ 3 ) — (n — £ 3 ) + 3££i£ 2 , we get 
that (|5.23jl is bounded by 

lei f/* u 2p u 2p , ^ 1/2 

\46-l Q 



r)H0 3b V4 (r-e 3 + 3ai6) / 
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k-£ 3 l 

Using that |6||6| — — j^j — j this is controlled by 



(5.24) 
Set 



\ ^- p \r-e\ p ( f I \ 
(0»<r>p/» v4 (r - 6 + 3e6e 2 ) 4b - 1 *V 



3\P / r 1 \ 1/2 



so that 3£(6 — |£) 2 = u — (r — |£ 3 ), and thus 

^ieii26-^i = ier / v- (r-iar 

Also, = 3£(£ — 2^i ) It follows from the hypotheses of this step that the range 
of integration is a subset of \u\ < \r — £ 3 |. With this substitution, we see that (|5.24|) 
is bounded by 

|£|l-p| T _£3|p / r du \l/2 



(e> 36 (r)"/ 3 \J\u\<\r-e\ (u)^-m i/2 w-{r-\e)\^ 

By Lemma f5.131 this is controlled by 

\^- p \r-e\ p {r-e) i ' 2h 

{0 3 b{r)p /3 {T _ 1^3)1/4 

If |t| < |l£| 3 > then this reduces to 

\^- p (0 3p (0 3{1 - 2b) 
(0 3b (0 3/4 

and the exponent 2p — 9b + 3 < provided b > ~p + |. 

Step «. If |6l > 1, 161 > 1, \T2-e 2 \ < \n-Q\, \r~e\ < dsjln-tfl, and |r| < §|£| 3 , 
then 



161" ( f f 



2\t \2p \ V 2 



(5 ' 25) (rr-e?) 6 UX (r)W3(e)a 6 ( T2 -el)^^ dT 

is bounded. 

Proof. Since |t| < |£| 3 , we have ^ 6b _ 2p < ' ^ 2fc 2 P > an d thus ()5.25|) is bounded by 



161" / /• f 



21 t |2p \ 1/2 



(ri-6 3 ) 6 V7J.(6 2 "(r) 2fc (r 2 -6 3 ) 2b 
Carrying out the r integral and applying Lemma f5. 121 we see that this is controlled 
by 

^ i6i" ( r iei 2 i6i 2 " ,,y /2 

[ } (ri - 6 3 ) 6 U (6 2 "(ri - 6 3 - 3^66 + a 4 *" 1 V 
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Casel. 3|fti6l<||7i-£i 3 |- 

Since |r - £ 3 | << \n - £f \ and |r| < ||£| 3 , we have |£| 3 << |n - £ 3 |, giving 
and thus (|5.26j) is bounded by 



2|£„|2p \ 1/2 



Using that |££i^2| < |ti — £f\, this is controlled by 
(5-27) J^ffl&e^ 



t3\l-#p 



Carrying out the £ integral over the region |£| < |ri — ^fl 1 / 3 gives 
and thus (|5.27j) is bounded by 

( Tl _ ^3)1+^-36 

which is bounded provided b > ^. 
Case 2. Z\^ 2 \ > \\ Tl - 

In this case, |f| < Indeed, if |6| < 10|f|, then 3|ffif 2 | < 330|£| 3 < ||n 

Let u = n - £? - 36(£ - 6)e + £ 3 , du = 3&(-2£ + 6) + 3£ 2 . Now 3|£| 2 < J^l 2 
and 3|fi(-2f + > f |£i| 2 , and thus 3|£| 2 « 3|fi(2f - We see that flQBD is 
bounded by 

[Cx| p ^ le| 2 |6| 2 l36(£i-20 + 3£ 2 | d ^ 1/2 



(n - e±) b u <o 2 '<ri - e? - 3£66 + a 46 - x ia(6 - 201 

Using |£ 2 | ~ an d |£i(£i — 2£)| ~ |£i| 2 , this is controlled by 

12/j-l / /■ I cr 1 2—2^0 \ 1 J 



(n - ti) b \J\u\<\n-$\ ( u ) 

ki - £ 3 I 

Using that |£| < — ^ ^ 1 , this is controlled by 



\46-l 



x 1/2 

l£i| 2p ~Vi - £il p f du N 



lai^n-ei 3 ) 6 v^i<in-ei («> 

Carrying out the u integral, this is bounded by 



46-1 
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which is bounded provided b > | — gp. 

Now we address the range | < s < 3. It suffices to show 

for d > 0, §i > 0, g 2 > 0, where * indicates integration over £, £ 1( £ 2 , subject to the 
constraint £ = £i + £2, and over r, r 1; r 2 , subject to the constraint r = Ti + r 2 , under 
the assumption |r| >> |£| 3 , since, for s > in the region |r| < 2|£| 3 , ||<9a;(m;)||y s _ b < 
c\\d x (uv)\\x a _ b - We shall show 

(5 28 ) mniff f ^ V /2 < c 

Since r - £ 3 + 3££i£ 2 = (r 2 - CD + ( r i ~ by Lemma lo~T2l we have that (lo~2"%J) is 
bounded by 

1/2 

Case |£i| << |£ 2 | or |£ 2 | << . In this case, 3|££i£ 2 | << |£| 3 , which combined 
with |£| 3 << |r|, implies (r - £ 3 + 3^ 2 ) ~ (r). Thus 



< (r)i 



(5.30) < (r)f 



x (6) 2s (6) 2s 

36+1 / f dfi 



6 (6) 2s " 2 (6) 



2s-2 



1/2 



Provided s > | and b > |s + |, (|5.3Uj) is bounded. 

Case 2. 1ft | — • 

Case 2A. 3|ffif 2 | ~ |r| or 3|£ft£ 2 | » \r\. Then we ignore (r - £ 3 + 3^i6) 4b ~ 1 in 
(|5.29J) and bound as: 



1 (6) 2s (6} 2s ?1 



Using that (r) < c(£) (£1) (62) , (£> < (£1) + (6>, and (6) ~ (6), this is controlled by 



I \ V2 



Thus, we need 2s + 66 — 2 > 1, which is automatically satisfied if s > | and 6 > 0. 
Case 2B. 3|££i£ 2 | << |r|. Here, we just follow the method of Case 1. 

Thus we have estimate (|5.11|) for — | < s < — |, and | < s < 3. The result in the 
full range — | < s < 3 follows by interpolation. □ 
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6. The left half-line problem 

We now carry out the proof of Theorem ll.3[fb"]) . We first return to the linearized 
version of (|T2j) . Consider -1 < Ai, A 2 < 1, h u h 2 G C^°(M+), and let 

u(x,t) = C^hxfat) + C x _ 2 h 2 {x,t) 

By Lemma f3 .11 u(x,t) is continuous in x at x = and by Lemma [3.21 

u(0, t) = 2 sin(f Ax + l)hi{t) + 2 sin(f A 2 + f )h 2 (t) 

By the definition (|3.1|) . 

d^OM) = C^l^h^t) + £^- l l„ l/3 h 2 (x,t) 

By Lemma f3 .H d x u(x,t) is continuous in x at x = and by Lemma [3.2^ 

0^(0, t) = 2 sin(f Ai - + 2 sin(f A 2 - £ )h 2 {t) 

Combining, 



u(0,t) 
LJ_i /3 [9*«(0, •)](*). 



sin(fAx + £) sin(fA 2 + f; 

sin(^A 2 



sin(f Ai - 6 , ^ V3 .. z 6/J 

By basic trigonometric identities, this 2x2 matrix has determinant a/3 sin f (A 2 — Ai) 
which is provided Ai — A 2 ^ 3n for n G Z. Thus, for any —1 < Ai, A 2 < 1, with 
Ai 7^ A 2 , if we are given gi(t), g 2 (t) and we set 

9i(t) 



h(t) 
h 2 (t). 



A 



Zl/302(*). 



where 



.4 



1 



sin(|A 2 -f) -sin(|A 2 + f) 
-sindAx-f) sin(|Ai + |) 



2 v / 3sin[f(A 2 -A 1 ); 
then u(x, t) solves 

' d t u + d x u = for x < 
u{x,0) = 
u(0,*) = </i(*) 
[0^(0, t) =g 2 (t) 
If we take —1 < Ax, A 2 < 1, Ax ^ A 2 , and set 

Aw(x,t) = 8(t)e- ta *(f)(x) - \9{t)Vd x w 2 {x,t) + d{t)C*h x {x,t) + 9(t)£ X2 h 2 (x,t) 

where 

^x(t) - ^(t)e-^ 3 0U=o + ^(t)%^ 2 (0,t) 
_e(t)l 1/3 (g 2 - ed x e~ 9 *<j>\ x=0 + l6d x Vd x w 2 (0, ■))(*)_ 



V*) 



.4 



+ c\\9(t)l 1/3 (g 2 - 6d x e- d *(f>\ x= o + \Bd x Vd x w 2 {U, -)){t)\\ 
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Then (d t + dl)Aw(x,t) = —^d x w 2 (x,t) for x < 0, < t < 1, in the sense of distribu- 
tions. We have 

All a+i + Al2 s+l 

H "T"(R+) H "^(R+) 

(61) < 0(<)e-^0|x=o + |^)P^ 2 (0,t) || 41 

3„w 2 (0.-))(t)\\ s+i 

"(R+) 

By Lemma EHJEI), ||#i(t) -#(t)e-^0| I=o || 41 < c||#i|| 41 + c||0||h«. If — f < s < f, 

then ^ < ^ < ±, and Lemma l4~21 shows that ^(t) - A^e-^^o G H^*~ (Mf) 
with comparable norm. If | < s < |, then | < ^ < | and by the compatibility 
condition, gi(t) — 9(t)e~ td ^ <f)\ x =o has a well-defined value of at t — 0. By Lemma 

14. H| gi(t) — 9(t)e~ td *(j)\ x=0 also belongs to H 3 (M.f) with comparable norm. The 
conclusion then, is that if— |<s<|,s^|, then 

||^i(t) - 6>(t)e- £a -0U =o || 41 < c||^i|| 41 +c||0|| H = 



H -3-(R+) » 

By Lemmas EHfflbl , UTTUl 

^(^^(o,*)!!^ <c|Mia 



#„ 3 W) 

-tag 



By Lemma EUfcj), \\g 2 (t)-9(t)d x e t9 *<j)\ x =o\\ H s/z < c||g 2 ||^/3+ c ll < / , lk s - If ~! < s < |> 
then § < i and by Lemma B31 g 2 (t) - 9(t)d x e- t9 *(j)\ x= o E H„ /3 (R + ) with comparable 
norm. By Lemma l5.4| 

\\8(t)l 1/3 (g 2 - Od x e~' 9 *(j)\ x= o)\\ 41 < c||#i|| 41 + c||0||# s 



'H 

— u 1 

By Lemmas EM ESfcj) , I5~TU1 

^(^(^^(O,-))^)!! 41 . < c|h||^ 6nDa 
Combining the above estimates with (j6.1|) . we obtain 

(6.2) \\hiW 41 + INI 41 < c|bi|| 41 + MjWs + clMltf. +c|Hx s ,nfl a 
By Lemmas ICTlaT) . EHfflajl . OT^ . EHUl and IjOjl 

||Atw(z,*)|| c(Rt ;fl-.) < c||0||^ +c||#i||^4i + c||# 2 || if § + c|Hlx s , 6 nD tt 

provided 6(s) < 6 < | (where 6(s) is specified by Lemma lo.lOJ) . s — § < Ai < s + |, 
s — I < A2 < s + 5, « > §■ In the sense of C(M t ; if*), w(x, 0) = 0(x). By Lemmas 
l^(P. IOp . Op . Oni and (Q 

\\ Aw ( x ,t)\\ n(w , H ^ ) < c||0|| H - +c||pi|| H 4i +c||0 2 || ir § + c\\ w \\x s , b nD a 
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provided b(s) < b < §. In the sense of C(R X ; H t 3 ), Aw(0,t) = g^t) for < t < 1. 
By Lemmas ICTlcT) . ETTfficfr . EHfcj) . EHU1 and (Q 

12 



|9 a A«;(a;,*)|| 



§j < c||0||^. + cll^H^ + c||# 2 || ffi + c||w|| XsbnDQ 

s/3x 



provided 6(s) < 6 < |, and in the sense of C(R X ; H s t ), d x w(0, t) = g 2 (t) for < t < 1. 
By Lemma IH3HHI) . CTdj) . ICT|d| . EHU1 and (Q, we have 



||Aty||x. i6 ni»a < c II0IIh« + clbiH^ + c\\g 2 \\ Ri + 4w\\ 2 XsbnDa 



2' 



1 < A 2 < s + I, Ai < |, A 2 < \, a < 



provided s — 1 < Ai < s 
a < Mf±^, b(s) < b < i, and J < a < 1 - b. 

Collectively, the restrictions are — | < s < |, s ^ |, 6(s) < 6 < | 



(6.3) 



1 < Ai < s 



1 < A 2 < s + \ 



1< Ai < | 
K A 2 < | 



s-Ai+2 
3 ' 



(6.4) 



a < 1 - b 



Since s < | 



s - 1 < ~ and s > -f 



* + -2 > 



4, and thus we can find 



Ai 7^ A 2 meeting the restriction (jfi.H)) . (Note that for s < — ~, we cannot use A = 0, 
the operator used in |CK02j ). The conditions Ai < s + ~, A 2 < s + ~ imply that 
> and thus we can meet the requirements expressed in (|6.3|) . 



s-Ai+2 ^ 1 S-A2+2 



2 ■ 



Define a space Z by the norm 

IMU = \\w\\c(R t ;H°) + \\w\ 

By the above estimates 



3 +i + Il9.it; I 



, 11 2+1 + \\ w \\x s b nD a 



\\Aw\\ z < c\\<f>\\ H ' + c\\gi\\ H *+i + c\\g 2 \\ H * + c\\w 



Now 



Awi(x, t) — Aw2(x, t) 

= - \e{t)Vd x {wx - w 2 )(w 1 +w 2 ){x,t) + 6(t)C* 1 h 1 (x,t) 
+ 9(t)C x Jh 2 (x,t) 



where 



\A 



9(t)Vd x (w 1 -w 2 )(w 1 + w 2 )(0,t) 
_6(t)l 1/3 (9d x Vd x ( Wl - w 2 )(w 1 + iu 2 )(0, •))(*). 
By similar arguments, we can show 

||Aiui - Au> 2 || 2 < c(||wi||z + ||w2||z)(||wi - w 2 \\z) 
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By taking ||</>||h s + Hflill s+i + H^H^f < £ for <5 > suitably small, we obtain a fixed 
point (Am = u) in Z. 

Theorem ll.Htjbj) follows by the standard scaling argument. Suppose we are given 
data (ft, gx, and gi of arbitrary size for the problem (jl.2|) . and we seek a solution u. 
For < A 1 (to be selected in a moment) set 0(x) = A 2 0(x), g\{t) = \ 2 gi(t), 
gi(t) — A 3 ^2(A 3 t). Take A sufficiently small so that 

UWh* + \\9i\\ H s+i + \\92\\ H i 

< At (\ s }\\4>\\hs + ^W s+1 \\gx\\ H ^ + ^W s \\h\\ Hi 

< $ 

By the above argument, there is a solution u(x,t) on < t < 1. Then u(x,t) = 
\~ 2 u(\~ 1 x, A~ 3 i) is the desired solution on < t < A 3 . 

7. The right half-line problem 

Now we prove Theorem ll.3ffcij) . Suppose — 1 < A < 1 and we are given / G Qj°(IR + ). 
Let u(x,t) = e~ nX ' l C x _f(x,t). Then by Lemma f3.lt u(x,t) is continuous in x at x = 
and by Lemma -u(0,t) = f(t). Then u(x,t) solves 

d t u + <9 3 m = 
m(x,0) = 
u(0, *) = /(*) 

Therefore, to address the nonlinear problem (jl.2|) with given data / and 0, take 
— 1 < A < 1 and set 

Aw{x,t) = e(t)e- td *4>(x) - \9{t)Vd x w 2 {x,t) +9{t)C x + h{x,t) 

where 

h(t) = e~ mX [f(t) - 6{t)e~ td *<P\ x= v + \6{t)Vd x w\^t)} 

Then 

(d t + d 3 x )Aw(x,t) = ~d x w 2 (x,t). 

By Lemma EM, \\f(t) ~ 0(t) e - td ^\ x=0 \\ ^ < c\\f\\ H ^ + c\\4>\\ H s. If -f < s < §, 

then j2 < < | and Lemma fO shows that /(£) - 9(t)e~ t9 -(f)\ x= o G if 3 with 
comparable norm. If | < s < |, then | < ^ < | and by the compatibility 
condition, f(t) — 0(t)e~ td *(p\ x= o has a well-defined value of at t = 0. By Lemma 

IP1 /(t) - ^(t)e- id ^| x=0 G H 3 (R+) with comparable norm. The conclusion, then, 
is that if — | < s < |, s ^ |, then 

\\f(t) -e(t)e- t83 *<f>\ x=0 \\ < cWfW^+cuy. 
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By Lemma EH)HE|) . EHU1 

\\6(t)Vd x w 2 (0, 

Combining, we obtain 
(7.1) \\h\\ s+i <c 



-l < c\\w\ 



H 3 (R+) 



H~ 



x a . b r\D 



zl +C\\())\\hs +C\\w\\ XsbnDa 



We then proceed in the manner of ^JHlto complete the proof of Theorem 1 1.3ljs| . 

8. The line segment problem 

We now turn to the line segment problem ()1.5|) . By the standard scaling argument, 
it suffices to show that 3 5 > and 3 L\ » such that for any L > L\ and data /, 
g 2 , (j) satisfying 



3 + 1 



Gl a + l 

|yi|l m-(R+) 



+ IMI H f (ffi+) + \\4>\\h^,L) < $ 



we can solve (jl.5|) with T = 1. By the techniques employed in the previous two 
sections, it suffices to show that for all boundary data /, gi, g 2 , there exists u solving 
the linear problem 



(8.1) 



' d t u + dlu = for {x, t) e (0, L) x (0, 1) 

u{0,t) = f(t) forte (0,1) 

u(L,t) = gi(t) forte (0,1) 

d x u(L,t) = g 2 (t) forte (0,1) 

u(x, 0) = for x e (0, L) 



such that 



•2) 



\u\ 



«+i + \\d x u\ 



< 



H 



>42- m +s + \\9l\\ rr £+l , , + \\92 



H- 



Let 



C x h l {x,t) =£ M /ii(x-L,t) 
C 2 h 2 (x,t) = C x Jh 2 (x- L,t) 
£ 3 h 3 (x,t)=C x *h 3 (x } t) 

By Lemma EOl and the estimates in £0 solving ()8.1|) . f)8.2j) amounts to showing that 
the matrix equation 



13) 



(gi,1i/392, f) T = {E L + Kl)^, h 2 , h 3 



:58 



JUSTIN HOLMER 



has a bounded inverse, where 

"2 sindAi + f; 



2sin(fAi-|) 
'0 



2sin(fA 2 + f; 
2sin(fA 2 -f) 



C, 








lz=0 



X l/3 



A I r 
■ i \x=L 

(d x C 3 )\ 




x=L 



The matrix operator £x is invertible with inverse 



sm(f A 2 - f ) 

v/3sin(fA 2 - |Ai) 
_sin(|V-|) 

V3sin(f A 2 - f AO 
At 



-sin(fA 2 + f) 

V3sin(fA 2 - | AO 
sin(fAi + f) 

V3sin(f A 2 - f AO 
Ao 



where 



and 



A 1 



A, 



sin(^A 2 - |A0 



s i n (|A 2 - f; 



x=0 



sin(f A 2 - f AO 






-27fA3 



x=0 



-V3e" 



sinff Ai + 



sin(f A 2 - § AO 



-Co 



sin(f A 2 + £ 



la:=0 



sin(|A 2 



Since £i n 

lx=0 



3+1 

: #n 3 ' 



ff 3 



|A0 

3 + 1 

H 3 



C\ „ 



f ) are bounded 

uniformly as L — ► +oo, the norm of .E^ 1 is uniformly bounded as L — > +oo. ()8.3|) 
becomes 

(8-4) EZ 1 {g 1 ,I 1/3 g 2 ,f) T = {I + EZ 1 K L ){h 1 ,h 2 ,h 3 ) T 

and we see that it suffices to show that (J + EJ^Kl) is invertible. We claim that 

lift : [^o^ 1 ( R+ )] 3 -> [^(? 1 ( M+ )] 3 is bounded with norm -> as L -> +oo. To show 
this, we need a refinement of Lemma f5.8tjE|) . 

Lemma 8.1. For —2 < A < 1 and x > 

\\9(t)Cih(x,t)\\ s+i <c(x)\\h\\ s +i 

where c(x) ^ as x — > +oo. 

Proof. C+f(x,t) = C°h(x,t) for x > by a uniqueness calculation. By ([2.5)1 . 

.2' 



6(t)£°h(x,t) =0(t) f t ?^Lj^.A 



l„ 2/3 h{t')dt' 



-9{t) I d t , 

lo 



.4 



6(4t')l 1/3 h(t') dt' 
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Since A(x) decay rapidly as x —>■ +00, we have 



H(t) := -8 t 



9{2t) A , > 



t l/3 \ t l/3 



- 26'(2t)x 
+ \6{2t)x~ 



x 

X 
tV3 



Xt>o 
A 

1 

A 



x 

X 
tV3 



Xt>o 
Xt>o 



so that C°h(x,t) = 6{t)H * (6*(4-)Zi/ 3 /i)(t). By the asymptotic properties of A(x) as 
x — > +00, 

||i^||^oo < ||i^||^l < sup(|x 4 A(x)| + |x 5 A'(a;)|) — >• as x —> +00 

x>f 

and we have 

||£°/*0M) llj^i < ll#IU~||0(4t)Ti/ 3 M*)ll H 4i < c(ar)||A|| H4 i 
with c(x) — > as x — > +00. 



s + 1 

3 



s + 1 
s + 1 



s + 1 



From the lemma, £ 3 | X . =L : # 3 (» + ) -> #c)*V + ) andX 1/3 (^X 3 )| :[ .=L = 1 1/3 (C^ 1 I-i/ 3 )\ x =l 



□ 



/7 3 

-"0 



f ) are bounded with norm -> as I -> +00. Thus K L : 

[// 3 (M + )] 3 — ► [iif 3 (IR + )] 3 enjoys the same property and (J + Ej j l K L ) has bounded 
(uniformly in L as a — > +00) inverse in (|8.4|) . 
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